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Abstract
A class of curved spacetimes with global parabolic isometries (GPI) is introduced.
These isometries have fixed point sets on two-dimensional null surfaces which can be
interpreted as worldsheets of massless cosmic strings. Back reaction effects of the
strings in such spacetimes can be described exactly, in terms of a nontrivial holonomy
at the worldsheet. We show that the GPI spacetimes are type N geometries of the
Petrov classification. We describe a number of features of these spacetimes, including
properties of Killing horizons associated to GPI. As an example, we consider a cir-
cular massless cosmic string in the de Sitter universe and present the metric in new
coordinates centered at the string worldsheet.
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1 Introduction
The parabolic transformations, also known as null rotations, are a subgroup of the Lorentz
group. The transformations leave invariant the quadratic form −t2 + x2 + y2 and planes of
constant t − x. If t, x, y, z are coordinates in the Minkowsky spacetime R1,3, the parabolic
transformations (x′)µ = Mµν (ω)x
ν are defined as:
u′ = u , v′ = v + 2ωy + ω2u , y′ = y + ωu , z′ = z , (1.1)
where u = t−x, v = t+x are light-cone coordinates and ω is some real parameter. One can
check that (1.1) make a one-parameter group, M(ω1)M(ω2) = M(ω1 + ω2). We put c = 1
for the velocity of light.
Transformations (1.1) do not change the metric
ds2 = −dudv + dy2 + dz2 . (1.2)
so we call (1.1) the global parabolic isometry (GPI) of R1,3. The important feature of GPI
is that 2-dimensional null surface S, u = y = 0, is the fixed point set of the isometry. The
surface S can be interpreted as the worldsheet of a massless cosmic string (MCS), a one-
dimensional object of zero thickness which is stretched along the z axis and moves along x
axis with the speed of light. MCS in a flat spacetime can be obtained from common massive
cosmic strings [1] as a limiting case, when the velocity of the string reaches the speed of light,
mass tends to zero, while energy remains finite [2]. As a result of this limit, a holonomy along
a closed contour around a massive string is transformed into a non-trivial holonomy around
the MCS [3]. The holonomy of MCS is an element of the parabolic subgroup described
above. Therefore, similarly to massive strings MCS allow global gravitational effects. The
effects look as mutual transformations of trajectories of massive bodies or light rays, when
the string moves in between two trajectories.
A method how to describe physical effects around massless cosmic strings in a flat space-
time by using GPI has been developed in [4]. Massless strings generate perturbations of the
velocities of bodies resulting in overdensities of matter. The strings also shift energies of pho-
tons, and may yield additional anisotropy of cosmic microwave background, if we consider
MCS in a cosmological context. These effects of MCS are direct analogs of, respectively,
wake effects [5] and the Kaiser-Stebbins effect [6], [7] known for common cosmic strings.
An example of a curved spacetime with GPI is a de Sitter spacetime. MCS in the de
Sitter universe are circles of the horizon radius. The physical effects of such strings have
been described in [8]. The aim of the present paper is to go further. We introduce a general
class of curved spacetimes with global parabolic isometries and outline their basic properties.
This class of geometries allows one an exact description of the backreaction and, hence, gives
a tool to study physical effects caused by MCS in terms of the parabolic holonomy.
The paper is organized as follows. GPI spacetimes are defined in Sec. 2. The isometries
demand that these spacetimes are type N geometries of the Petrov classification. In Sec.
3 we show how to construct a locally GPI spacetime with a nontrivial holonomy at a null
2D hypersurface S. We use an analog of GPI coordinates (1.1). In this Section we also
discuss properties of Killing horizons corresponding to parabolic isometries. By using the
GPI coordinates we discover a new metric for a de Sitter spacetime with a circular MCS,
see Sec. 4. The results of the work are briefly discussed in Sec. 5.
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2 Definitions and basic properties
Transformations (1.1) were introduced as isometries of the Minkowsky spacetime R1,3. Now
we consider an arbitrary curved manifoldM and a coordinate chart with coordinates u, v, y, z
on M. As in case of flat spacetime (1.2), we assume that u = C, v = C ′, with arbitrary
real constants C and C ′, are intersecting null hypersurfaces which make a foliation of M
(the so called double null foliation, see [9]). The intersections of the null hypersurfaces are
codimension 2 spacelike 2-surfaces B. We denote coordinates on B by y and z. The metric
on M can be written as [9]
ds2 = −2eλdudv + hab(dxa + sadu+ s¯adv)(dxb + sbdu+ s¯bdv) , (2.1)
where x1 = y, x2 = z and λ, sa, s¯a are some functions of coordinates. One of the ‘vectors’, sa
or s¯a, can be eliminated by a coordinate transformation.
We say that M has a global parabolic isometry if metric (2.1) is invariant with respect
to (1.1). We also demand that components of (2.1) are regular in the limit when the fixed
point set of the isometry, u = y = 0, is approached. The requirement of GPI restricts (2.1)
to the following form:
ds2 = −2eλ(dudv − dy2) + h(dz + sdu)2 . (2.2)
Here λ, h and s are functions of u, z and the invariant
θ = uv − y2 . (2.3)
Let ζµ be the Killing vector field which generates GPI. In the given coordinates it has
the components ζu = 0, ζv = 2y, ζy = u, ζz = 0. One can introduce the tetrads:
nµ =
√
2e−λ/2δµv , l
µ =
√
2e−λ/2(δµv − sδµz ) , qµ =
√
2e−λ/2δµy , p
µ =
1√
h
δµz , (2.4)
which obey the normalization conditions:
l2 = n2 = (l ·p) = (l ·q) = (n ·p) = (n ·q) = (p ·q) = 0 , (l ·n) = −2 , p2 = q2 = 1 . (2.5)
The null vectors n and l are normal vectors to the hypersurfaces u = C, v = C ′, respectively.
Under infinitesimal coordinate transformations δxµ = ωζµ the tetrads change as δea =
−Lζea. It can be checked that
δn = 0 , δl = 2ωq , δp = 0 , δq = ωn . (2.6)
(2.6) are equivalent to finite transformations (e′)a = Mab(ω)e
b,
n′ = n , l′ = l + 2ωq + ω2n , p′ = p , q′ = q + ωn . (2.7)
That is Mab(ω) are parabolic Lorentz transformations introduced in (1.1).
The Lie derivatives along ζ of tensor structures onMmust vanish. By using the Newman-
Penrose formalism one can write the Weyl tensor of M in the following form:
Cµνλρ = Ψ4 VµνVλρ + c.c. , (2.8)
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where c.c. denotes complex conjugation, Ψ4 = Ψ4(θ, u, z) is one of the Weyl scalars, see [10],
and
Vµν = nµmν −mµnν , mµ = pµ + iqµ . (2.9)
The invariance of Cµνλρ results from the transformation law m
′ = m + iωn. Relation (2.8)
implies that other four complex Weyl scalars on M vanish. Therefore, GPI spacetimes
belong to the N type of the Petrov classification [10].
By using similar arguments one can fix the structure of a stress-energy tensor on M
Tµν = a1 gµν + a2 nµnν + a3 pµpν + a4 (nµpν + pµnν) , (2.10)
where ak are functions of invariants θ, u, z. Thus, M can be Ricci-flat (all ak = 0) and it
can be a spacetime with a cosmological constant (ak = 0, except a1 = C). In a more general
case, (2.10) obeys the condition Tµνn
µnν = 0.
3 The string, the backreaction, and the horizon
We identify the worldsheet S of a massless cosmic string with a fixed point set of the Killing
vector field ζ = 2y∂v + u∂y, which generates GPI. It is clear that S is defined by equations
u = y = 0, and it is a null two-dimensional surface. Vectors n and m taken at S are two
normal vectors of the worldsheet. n is also a tangent vector to S, together with p. One can
interpret n at S as the 4-velocity of the string. One can check with the help of (2.4) that
∇nn = 0, that is each point of the string moves along a lightlike geodesics.
The parabolic isometries leave invariant all null hypersurfaces u = C, however the hyper-
surface u = 0 is special since it includes S. We denote the hypersurface u = 0 by H and call
it the string horizon. As was shown in [4], [8], the string horizon H plays an important role
in constructing fromM a spacetime M˜ which takes into account backreaction effects caused
by the MCS with worldsheet S. Due to the isometry the local geometry of M˜ is identical
to that of M except a set of singular points on S, where M˜ has a non-trivial holonomy.
The holonomy is determined by an element of parabolic isometry where the parameter ω,
see (1.1), is related to the energy of the string. This situation is somewhat similar to the
case of manifolds with conical singularities where holonomies are related to spatial rotations
and depend on the string tension.
The null surface S divides H into two parts, H+ (y > 0) and H− (y < 0). According
to [4], [8], M˜ can be constructed if one cuts M along, say, H−, and applies to the tangent
space the required parabolic transformation when crossing the cut. This procedure yields a
self-consistent method to describe, for example, mutual rotation of two trajectories which
pass the string from different sides.
Intersection of H and null hypersurfaces v = C ′ are codimension 2 spacelike 2-surfaces
B, see Sec. 2. One can say that H is foliated by a family of B. Parabolic transformations
(1.1) change v and the foliation. It is important that in the considered problem all sections
B for any type of the foliation have the same metrics:
dl2 = hyydy
2 + hzzdz
2 , (3.1)
where hyy = 2e
λ, hzz = h, and, as follows from (2.2), (2.3), hab = hab(y
2, z). The string
position at B is y = 0. It is easy to see that the line y = 0 is a geodesic on B. At B one
can define a ‘length of the string’ as an integral L =
∫ √
hdz. The length of the string does
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not depend on coordinate v, it is constant on S. The string preserves its form during the
motion.
The string horizon has a number of important properties related to the global isometries.
1. It follows from the definition that ζ2 = u2∂2y = u
2eλ/2, ζ is everywhere spacelike
except H. The Killing vector field is null, ζ2 = 0, on H. Therefore, H is the Killing event
horizon.
2. On the horizon, the Killing vector is directed along the normal vector, ζ ∼ n, see
(2.7), if y 6= 0.
3. S is a fixed point set of the Killing field, ζ = 0 on S.
4. One can check that ∇ζζ = 0 on H. This means, that H is an extremal Killing horizon
with respect to the given isometry.
Under certain conditions H may coincide with a common Killing horizon. Let us assume
that λ, h and s in (2.3) are functions of θ and z (i.e., they do not depend explicitly on u).
Then components of (2.3) are invariant under the transformations:
u′ = eβu , v′ = e−βv , (3.2)
where β is a constant. Transformations (3.2) are boosts generated by the Killing vector field
η = u∂u − v∂v. One can easily check that:
1. η2 = 2uveλ, thus, η can be timelike, spacelike or null. η2 = 0 and η ∼ n on H. Hence,
H is the Killing horizon with respect to η.
2. Also ∇ηη = −η on H, that is H has a nonzero surface gravity with respect to η.
3. Finally, simple algebra shows that [η, ζ ] = ζ .
Note that boosts (3.2) leave invariant form of (1.1) but change the parameter ω to e−βω.
The corresponding parameter in the holonomy at the string worldsheet changes in the same
way. Physical interpretation of this fact is that energy of the string, like the energy of a
photon, depends on the motion of an observer.
An example of GPI spacetime with two Killing fields will be presented in next Section.
4 Metric of the de Sitter spacetime with MCS
The global parabolic isometry of the de Sitter geometry was used [8] to describe physical
effects caused by a circular MCS moving along the cosmological horizon. Here we analyze
this example along the lines of Sec. 2 and Sec. 3. We discover a new form of the de Sitter
metric.
The de Sitter can be embedded in a five-dimensional Minkowsky spacetime R1,4 (with
coordinates XK),
−X20 +X21 +X22 +X23 +X24 = −UV + Y 2 +X22 +X23 = 1 . (4.1)
Here U = X0 − X1, V = X0 + X1, Y = X4. For simplicity we put the de Sitter radius
equal to unity. Consider in R1,4 a null hypersurface U = Y = 0, which can be interpreted
as worldsheet of a massless brane. Its intersection with (4.1) is a null surface in (4.1). It is
a space product R1 × S1 whose cross sections are circles X22 +X23 = 1. Points on the circles
move along null geodesics on the de Sitter spacetime.
The coordinate transformations X ′ = M(ω)X from the parabolic subgroup of O(1, 4),
which leave (4.1) and the surface U = Y = 0 invariant, are
U ′ = U , V ′ = V + 2ωY + ω2U , Y ′ = Y + ωU , X ′2 = X2 , X
′
3 = X3 . (4.2)
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Define the following coordinates u, v, y, z:
U =
2u
1− θ , V =
2v
1− θ , Y =
2y
1− θ , X2 =
1 + θ
1− θ cos z , X3 =
1 + θ
1− θ sin z , (4.3)
where θ is defined by (2.3). We assume that θ 6= 1. The de Sitter metric takes the new
simple form
ds2 =
1
(1− θ)2
(
−4(dudv − dy2) + (1 + θ)2dz2
)
, (4.4)
with points z and z + 2pi identified.
It is easy to see that transformations (4.2) induce parabolic transformations (1.1) and
GPI is explicit in (4.4) (compare with (2.1)).
The null hypersurface U = 0 intersects the de Sitter spacetime at u = 0 (which is the
string horizon H), the hypersurface Y = 0 intersects at y = 0. The string worldsheet is at
u = y = 0. One can check by using (4.4) that sections B of the horizon are 2-spheres.
Metric (4.4) demonstrates that the cosmological horizon H in the de Sitter universe is
the Killing horizon for two Killing fields, see Sec. 3, η = u∂u− v∂v and ζ = 2y∂v + u∂y. The
field η is well known, it corresponds to boosts and is characterized by non-vanishing surface
gravity. The field ζ generates parabolic transformations and has vanishing surface gravity
on H.
5 Discussion
The aim of this work was to introduce a new type of spacetimes which possess global parabolic
isometries. Such spacetimes are interesting since fixed point sets of the isometries can be
considered as worldsheets of massless cosmic strings, and backreaction effects caused by
strings can be described in terms of parabolic holonomies along the lines of our approach
developed in [4],[8] .
One of the surprises of our analysis is the discovery of a new simple metric element of
the de Sitter universe. The metric is given in terms of GPI coordinates with the ‘origin’ at
the string worldsheet. If massless cosmic strings appear in the early universe they can be
observed in the same way as their massive cousins. It is important that experimental data,
such as CMB anisotropy, allow one to discriminate MCS form massive cosmic strings [8].
New metric (4.4) may be a useful tool to study physical effects caused by MCS in the de
Sitter universe, see Sec. 1. Studying properties of (4.4) is an interesting research subject.
Another research direction is finding other examples of GPI spacetimes introduced in
Sec. 2. Concerning mathematical aspects of Killing horizons, as we saw in this work they
may have hidden symmetries. There may be an additional independent Killing field which
is null on the horizon. Common Killing horizons in quantum theory are known to result
in important effects related to thermodynamics. It would interesting to analyze how these
properties change when motion of the string along the horizon creates singularities.
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